New Equations for the Time-Dependent Regulator Problem by Casti, J.L.
New Equations for the Time-
Dependent Regulator Problem
Casti, J.L.
 
IIASA Research Memorandum
December 1974
Casti, J.L. (1974) New Equations for the Time-Dependent Regulator Problem. IIASA Research Memorandum. 
Copyright © December 1974 by the author(s). http://pure.iiasa.ac.at/180/ All rights reserved. Permission to 
make digital or hard copies of all or part of this work for personal or classroom use is granted without fee 
provided that copies are not made or distributed for profit or commercial advantage. All copies must bear this 
notice and the full citation on the first page. For other purposes, to republish, to post on servers or to redistribute 
to lists, permission must be sought by contacting repository@iiasa.ac.at 
NEW EQUATIONS FOR THE TIME-DEPENDENT 
REGULATOR PROBLEM 
J .  C a s t i  
December 1974 
Research Memoranda a r e  informal  p u b l i c a t i o n s  
r e l a t i n g  t o  ongoing o r  p r o j e c t e d  a r e a s  o f  re- 
s e a r c h  a t  IIASA. The views expressed a r e  
t h o s e  of t h e  a u t h o r ,  and do n o t  n e c e s s a r i l y  
r e f l e c t  t h o s e  o f  IIASA. 

New Equat ions  f o r  t h e  Time-De~endent  
Regu la to r  Problem 
J. C a s t i *  
1. I n t r o d u c t i o n  
I n  t h i s  n o t e  we c o n s i d e r  t h e  l i n e a r  t ime-dependent  c o n t r o l  
problem o f  minimizing 
o v e r  a l l  p i ecewise  con t inuous  c o n t r o l  f u n c t i o n s  u ( t ) ,  where 
u  and x a r e  r e l a t e d  by t h e  l i n e a r  e q u a t i o n  
Here it i s  assumed t h a t  x  i s  an n-d imens ional  v e c t o r ,  u  an  
m-dimensional v e c t o r ,  F ,Q a r e  nxn p iecewise-cont inuous  t ime- 
v a r y i n g  m a t r i x  f u n c t i o n s  w i t h  Q ( t )  - > 0 f o r  a l l  t 2 T I  and G 
is  an nxm c o n s t a n t  m a t r i x .  Well  known r e s u l t s  i n  c o n t r o l  
t h e o r y  show t h a t  t h e  minimizing c o n t r o l  u * ( t )  i s  g i v e n  
( i n  feedback  form) by 
where P ( t )  i s  t h e  s o l u t i o n  of  t h e  m a t r i x  R i c c a t i  e q u a t i o n  
-dP - 
- 
d t  Q(t )  + P F ( t )  + F' ( t ) P  - P G G ' P  , ( 2 )  
P ( T )  = 0 . 
" I n t e r n a t i o n a l  I n s t i t u t e  f o r  Applied Systems A n a l y s i s ,  
Laxenburg 2361, A u s t r i a .  
Note t h a t  t h e  s o l u t i o n  o f  ( 2 )  i n v o l v e s  n ( n + 1 ) / 2  e q u a t i o n s  
i n  t h e  i n d e p e n d e n t  components  of P. I n  r e c e n t  work [1,2,4] 
it h a s  b e e n  shown t h a t  when Q,F,G a r e  c o n s t a n t  and c e r t a i n  
o t h e r  c o n d i t i o n s  a r e  s a t i s f i e d ,  it  i s  p o s s i b l e  t o  c a l c u l a t e  
K ,  t h e  f e e d b a c k  g a i n ,  d i r e c t l y  w i t h  a  s y s t e m  of  e q u a t i o n s  
whose s i z e  i s  l i n e a r l y  p r o p o r t i o n a l  t o  n ,  t h e  d i m e n s i o n  
o f  t h e  s t a t e .  However, t h e  a p p r o a c h  t a k e n  i n  t h e s e  works 
d o e s  n o t  a p p e a r  t o  b e  e a s i l y  e x t e n d a b l e  t o  t i m e - d e p e n d e n t  
s y s t e m s .  
The o b j e c t i v e  o f  t h i s  n o t e  is  t o  p u r s u e  a  s l i g h t l y  
d i f f e r e n t  c o u r s e  i n  o r d e r  t o  a r r i v e  a t  a  s y s t e m  o f  e q u a t i o n s  
s u i t a b l e  f o r  d i r e c t l y  comput ing  t h e  g a i n  K ,  w i t h o u t  t h e  nee? 
o f  t h e  i n t e r m e d i a t e  R i c c a t i  e q u a t i o n  ( 2 ) .  Thus,  we s h a l l  
a r r i v e  a t  a  s y s t e m  i n v o l v i n g  nm e q u a t i o n s  i n  t h e  components  
o f  K w h i c h ,  i f  m c <  N ,  s i g n i f i c a n t l y  r e d u c e s  t h e  c o m p u t a t i o n a l  
b u r d e n  imposed by t h e  u s u a l  R i c c a t i  a p p r o a c h .  U n f o r t u n a t e l y ,  
t h e  c u r r e n t  a p p r o a c h  is  n o t  c o m p l e t e l y  g e n e r a l  i n  t h a t  we 
r e q u i r e  t h e  m a t r i x  G t o  b e  c o n s t a n t .  However, a t  t h e  e x p e n s e  
o f  s l i g h t  a d d i t i o n a l  c o m p l i c a t a t i o n s ,  even  t h i s  r e q u i r e m e n t  
may b e  p a r t i a l l y  r e l a x e d .  Throughout  t h i s  n o t e ,  however ,  
G w i l l  b e  c o n s t a n t  and  we s h a l l  o n l y  i n d i c a t e  i n  t h e  c l o s i n g  
r e m a r k s  how t o  e x t e n d  t h e  r e s u l t s  t o  more g e n e r a l  G .  
2. The E q u a t i o n  f o r  K 
B e f o r e  d e v e l o p i n g  t h e  a p p r o p r i a t e  e q u a t i o n s  f o r  K ,  we 
s t a t e  a  u s e f u l  r e s u l t  from [ 3 ]  : 
Theorem 1. ( i)  L e t  R b e  a  r e a l ,  s y m m e t r i c ,  p o s i t i v e -  
d e f i n i t e  m a t r i x  s u c h  t h a t  RKG i s  symmet r ic .  I f  r a n k  KG = r a n k  K ,  
t h e n  a l l  r e a l  symmetric P s a t i s f y i n g  G ' P  = -RK a r e  r e p r e s e n t e d  
i n  t e rms  of R by 
where # d e n o t e s  t h e  Moore-Penrose g e n e r a l i z e d  i n v e r s e  and 
where Y i s  any symmetric m a t r i x  s a t i s f y i n g  G ' Y  = 0 ;  
(ii) The m a t r i x  P above w i l l  be  p o s i t i v e  s e m i - d e f i n i t e  
i f ,  and o n l y  i f ,  rank  KG = rank K ,  t h e  c h a r a c t e r i s t i c  v a l u e s  
of  KG a r e  n o n p o s i t i v e ,  and Y L 0. 
We now s t a t e  t h e  main r e s u l t :  
Theorem 2 .  L e t  t h e  o p t i m a l  feedback g a i n  K ( t )  be  g iven  
by Eq. (1) Then t h e  components of  K may be  c a l c u l a t e d  from t h e  
svs tem of nm d i f f e r e n t i a l  e a u a t i o n s  
Proof .  S i n c e  K = - G 1 p ( t ) ,  we have k ( t )  = - ~ ' ; ( t )  which,  
by Eq. ( 2 )  g i v e s  
K ( t )  = G '  Q(t )  + P F ( r )  + F '  ( t ) P  - P G G ' P  ( 4 )  
- G ' Q ( ~ )  - ~ ( t ) ~ ( t )  + G'F'  ( t ) P  - G ' K '  ( t ) K ( t )  - 
The o n l y  o f f e n d i n g  te rm i n  t h e  above e x p r e s s i o n  is  G ' F ' P .  
The p roof  w i l l  be  comple te  a s  soon a s  t h i s  term i s  r e l a t e d  
t o  K .  W e  a s s e r t  t h a t  
T h i s  f o l l o w s  immedia te ly  from Theorem 1 s i n c e  we have  
R  = I and s i n c e  G i s  of  f u l l  r a n k ,  Q 2 0 ,  t h e  c o n d i t i o n s  of 
p a r t  (ii) o f  t h e  theorem a r e  s a t i s f i e d .  S i n c e  P (T)  = 0, we 
may t a k e  Y = 0 i n  t h e  r e p r e s e n t a t i o n  f o r mu la .  Thus 
p = - ' (  G ) # K ,  which comple t e s  t h e  p r oo f  o f  t h e  theorem. 
3 .  Remarks 
(1) Ob vious ly ,  t h e  e q u a t i o n  f o r  K r e p r e s e n t s  a  s e t  o f  
nm n o n l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  w i t h  known i n i t i a l  condi -  
t i o n s  a n d ,  a s  s u c h ,  may be  r e a d i l y  i n t e g r a t e d  u s i n g  any of 
t h e  u s u a l  n u m e r i c a l  methods.  
( 2 )  The c o n s t a n c y  of  G may b e  weakened t o  t h e  e x t e n t  
t h a t  G s a t i s f i e s  a  d i f f e r e n t i a l  e q u a t i o n  o f  t h e  form 
- d G ' = A ( t ) G 1  ( t )  . I t  i s  a  s t r a i g h t f o r w a r d  e x e r c i s e  t o  g e n e r a l i z e  d t  
o u r  theorem t o  h a n d l e  t h i s  c a s e .  
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